Abstract. This paper focuses on indecomposable integers in real quadratic number fields
Introduction
The ring of algebraic integers O K of number field K is one of the key objects studied in algebraic number theory, and its additive structure sometimes plays a surprisingly important role. For example, in totally real number fields, we can focus on the semiring of totally positive elements of O K , denoted by O + K , and define the subset of so-called indecomposable integers, i.e., elements of O + K which cannot be expressed as a sum of two elements of O + K . In particular, several interesting applications of indecomposable integers to universal quadratic forms (i.e., positive quadratic forms over O K that represent all elements of O + K ) have been recently developed by Blomer, Kala or Kim [1, 9, 2, 10] although they have been also used by Siegel [12] already in 1945 in a similar context.
All indecomposable integers in real quadratic fields Q( √ D) where D is a positive squarefree integer, can be nicely described using the continued fraction of √ D or
in the cases D ≡ 2, 3 (mod 4) (1 (mod 4), resp.) [11, 4] . Currently, we do not have such a characterization for the fields of higher degrees. Nevertheless, we can mention a partial result given byČech, Lachman, Svoboda, Zemková and the present author [3] considering biquadratic fields, which have degree 4.
Using this description, Dress and Scharlau [4] deduced an upper bound on the norm of quadratic indecomposable integers, which was later refined by Jang and Kim [7, Theorem 5] . In the second article, the authors also stated a conjecture improving the previous upper bound. This statement was disproved by Kala [8, Theorem 4] in the case D ≡ 2 (mod 4) by giving a counterexample. However, [8] does not consider the case D ≡ 1 (mod 4) at all, and in this case, i.e., in the case of real quadratic field with an odd discriminant, the conjecture has the following form.
Conjecture ( [7] ). Let −N be the largest negative norm of algebraic integers over O K and a be the smallest nonnegative rational integer such that N divides D − a 2 . Then
The main aim of this paper is to study norms of indecomposable integers and provide a counterexample for this remaining case, which includes some subtle differences from [8] which need separate treatment. We will also show better examples in the cases D ≡ 2, 3 (mod 4).
Section 2 is devoted to study of indecomposable integers in Q( √ D) such that D ≡ 1 (mod 4). We will introduce used notation and some basic fact about algebraic integers in the considered real quadratic fields. In Section 3 we will look more closely at norms of indecomposable integers and follow the method developed in [8] , which led to finding the counterexample in the previous case. Nevertheless, there are some differences in the argumentation. Section 4 contains the calculations which resulted in finding a counterexample, which is equal to 68 756 796 852 765. We will also discuss counterexamples related to the cases D ≡ 2, 3 (mod 4). These counterexamples were obtained using a program in Mathematica. The bounds for indecomposable integers in [7] depend heavily on the maximal negative norm of elements of O K , and so in Section 5 we study in detail the cases when this norm is −3 or −4. This extends the results of [7] for norms −1 and −2.
Preliminaries
Let K = Q( √ D) be a totally real quadratic number field. Except for the final part of this paper, we will restrict to the case D ≡ 1 (mod 4), which differs from the other cases in that we have the ring of algebraic integers of the form
. It follows that the elements of O K can be written as
where x, y ∈ Z, and their Galois conjugates are
The integer α ∈ O K is said to be totally positive, denoted by α ≻ 0, if both α and α ′ are positive. We write O + K for the set of such elements. In this case, it also gives the condition
We call α indecomposable if it cannot be expressed as a sum α = β + γ where β, γ ∈ O + K . This also indicates that every element of O + K can be written as a sum of finitely many indecomposable integers. We will use the symbol N (α) to denote the norm of element α, i.e.,
2 , which is periodic with s as the length of period. Note that the sequence u 1 , u 2 , . . . , u s−1 is symmetric and, alternatively, we can, with slight modifications, consider the continued fraction of
2 , see [4] .
denotes the ith convergent of
2 . We also use the expression convergent to describe the elements of the form
which belongs to the ring O K . Integers p i and q i have several useful properties applied in the proofs in this paper. They satisfy the recurrent relation
where p −1 = 1, p 0 = u 0 , q −1 = 0 and q 0 = 1. We also know that
Since α i ≻ 0 only for i odd, we will use the symbol N i to denote the absolute value of the norm of α i , i.e.,
In what follow, the letter N stands for
Except for convergents, we have another group of special integers, to which elements α i belong. Set α i,r = α i + rα i+1 where i ≥ −1 and 0 ≤ r ≤ u i+2 . Hence α i,0 = α i and α i,u n+2 = α i+2 . These elements are called semiconvergents of
and they are totally positive only for i odd. As it was proved in [11, 4] , the indecomposable integers in Q( √ D) are exactly the semiconvergents α i,r and their conjugates both with i odd. In [7] , the authors found an upper bound on the norm of such integers. Note that this bound is slightly different for D ≡ 2, 3 (mod 4).
It is important to mention that this bound is sometimes obtained if the norm of the fundamental unit in Q( √ D) is equal to −1. Moreover, except for the mentioned N = 1 cases, this bound is lower than the bound given in [4] .
Throughout this paper, we will denote by c i the expression
. Therefore, we also have the equation
We next write M i for the value of N (α i,⌊u i+2 /2⌋ ). Let T be two values given by
These two expression satisfy that α ′ i+1 α i = T (a)
2 . Futhemore, in [8] , the author proved the following lemma considering the dependence c i on the values of u i , which we will use later in this paper. Note that the form of this lemma does not depend on the value of D modulo 4.
Approximations of the norms of indecomposable integers
In this section, we will be concerned with an approximation of the values of N i and M i , which will lead to finding a counteraxample of the conjecture of Jang and Kim. To achieve this aim, it is necessary to establish several relations including numbers T 
Proof. The main idea of the proof is to consider the equation
and express c i+1 as
In this part, we have used the relation for coefficients p i and q i . From this we can conclude that
We can use analogous procedure for T (b)
i .
As we can see, numbers T make a pair with similiar properties, whose relations only slightly differ in a minus sign.
We next provide a recurrent relation for the norms N i of the convergents. This statement is similar to the equation derived in [8] , only the constant 2 is missing in the first fraction. 
Proof. The main idea of the proof is based on the definitions of T 
We know that p i+1 = u i+1 p i +p i−1 and q i+1 = u i+1 q i +q i−1 . If we use these linear recurrences in the previous equation, we get
i . Considering this relation for i − 1 and replacing T i−1 by the expressions given by Lemma 3 we conclude that
Since N i = (−1) i+1 N (α i ), we have
, which is precisely the assertion of the lemma.
We proceed with upper and lower bounds on N i . Since the proof of this proposition is similiar to the analogous statement which can be found in [8] , we leave it to the reader. Proposition 5. For each i ∈ N 0 we have
Moreover, we have
The following lemma gives us an approximate value of N i using the coefficients of the continued fractions of
2 . Note that in the third part of this lemma, there is more probably 67 istead of 65 given in [8] .
Let u i−1 , u i , u i+1 , u i+2 and u i+3 be greater than or equal to some u ∈ N. Then there exists ε such that −1 ≤ ε ≤ 1 and
If u ∈ N is such that u j ≥ u for all j, then there exists ε such that −1 ≤ ε ≤ 1 and
Proof. Since the procedure of the proof is analogous to the procedure for D ≡ 2, 3 (mod 4) described in [8] , using Lemmas 2, 4 and Proposition 5, we leave it to the reader. However, we will show the final part of the statement. First of all, we will find more accurate expression for
. From Lemma 2 part (a) we have 1
Thus, putting k = 3, we can write
where −1 ≤ ǫ 1 ≤ 1. For k = 2 and k = 1 we conclude that 1
.
Putting these expressions together we get 1
Applying
Lemma 4 gives us
N i √ D = 1 c i+1 − N i−1 √ D 1 c 2 i+1 .
Let us focus on
. Considering the second part of this proposition and Lemma 2 part (d) we obtain
If we consider only the terms which have at most 5 u j as a denominator, we get the expression given in the statement of this proposition. It remains to find an estimate on the error of this form. From the expressions for
and
we obtain the error equal to
The absolute value of this term can be estimated by 67 u 7 , which gives the assertion of this proposition.
We proceed with the proposition which was established and proved in [7] for the case D ≡ 1 (mod 4).
Proposition 7 ([7]
). Let i be an index such that N i+1 = N . Then there exists r such that 0 ≤ r ≤ u i+1 and
In the following proposition, we will discuss the question which of values N (α i,r ) is the highest considering fixed index i. Proposition 8. Let i be odd and r 0 be such that N (α i,r 0 ) has the maximal value among N (α i,r ) where 0 ≤ r ≤ u i+1 . Then
If u i+2 is even, then r 0 = u i+2 2 .
Proof. We first compute the relation for α ′ i+1 α i using numbers T i . By definition, we have
We use these calculations to express the norm N (α i,r ), thus
It is easily seen that, for the fixed index i, N (α i,r ) is maximal if the value of |T
i+1 − 2rN i+1 | is minimal. This is equivalent to the minimalization of the value of
From Lemma 3 we conclude that
Adding these two expression together we obtain that
since i is odd. Our next goal is to prove the estimate
Multiplying by 2N i+1 and using the previous step we get
We can show this inequality by applying the same procedure as in [8] considering √ D instead of 2 √ D. Let r m be an integer such that the value of
From what has been already proved, it follows that this value is less than 1 2 . Hence
which is precisely the assertion of the proposition.
In the following part, we will discuss the approximation of the value of M i , the norm of the semiconvergent between α i and α i+1 .
Proposition 9.
If u ∈ N is such that u j ≥ u for all j, then there exists ǫ such that
+ 18 u 3 ǫ where u i+2 is even and in the same time i is odd. Under the same conditions, there exists ǫ such that −1 ≤ ǫ ≤ 1 and
Proof. First of all, we will derive an expression for N (α i,r ). Thus,
Since i is odd, we have
In case r = u i+2 , we get
2 , we obtain
If we use the previous case, we conclude that
Dividing by
√ D and using the expression for
derived in the first and second part of Lemma 6 we get
where
This gives the first part of the statement. The second part can be again obtained by applying Lemma 6. If we use the third part of this lemma on N i+1 and the second part on N i+2 and N i , we get
Counterexamples
The main aim of this paper is to find a counterexample to the conjecture of Jang and Kim for the case D ≡ 1 (mod 4). Nevertheless, we will show some others which are relatively smaller than the examples provided in [8] .
Using the procedure introduced in [8] , whose application leads us to the same conclusions, we get the following conditions. It is convenient to find a number with the continued fraction satisfying several properties. First of all, it has two odd indeces i and j such that N (α i+1 ) is maximal among negative norms and
This would lead us to conditions for coeffients of the continued fraction, namely 1
Considering the favourable continued fraction, we can apply the method developed in [5] and later modificated in [6] for the case 1 (mod 4). Let u 1 , . . . , u s be some symmetric sequence of numbers of N 0 . Following the method described in the mentioned articles, we can find numbers u 0 and D such that [u 0 , u 1 , . . . , u s ] is the continued fraction of
2 . Using Mathematica, we have found several counterexamples, among which the minimal is contained in the following theorem. In the following part of this paper, we will provide two examples related to the cases D ≡ 2, 3 (mod 4). First of all, let us recall some facts about totally real quadratic fields with an even discrimant. In these fields, the ring of integers is equal to Z[ √ D] and the norm of considered elements can be obtained as
Moreover, indecomposable integers in Q( √ D) are exactly semiconvergents of √ D. We will use analogous notation as in the odd case.
Let us state conjecture of Jang and Kim for these cases.
Conjecture. Let −N be the largest negative norm of algebraic integers over O K and a be the smallest nonnegative rational integer such that
First of examples resolves the case D ≡ 3 (mod 4), which was not covered in [8] . In the following example, we will show a counterexample D such that D ≡ 2 (mod 4), which is lower then the number found in [8] . 
4N
. Before that, we will recall the analogy of Proposition 7 for D ≡ 2, 3 (mod 4).
Proposition 11 ([7]
In the case of the fundamental unit of the norm 1, we can find a lower bound on the norm of indecomposable integers in a quadratic field. Supposing minimal negative norm equal to −2, Jang and Kim derived this lower bound. In the following propositions, we will show the results considering a lower maximal negative norm. gives the sometimes obtained bound. We know that the norm of any indecomposable integer can be expressed as D − a ′2 N ′ where a ′ ∈ N 0 and N ′ is a norm of some convergent with an even index. This norm can be larger than
Since the minimal D such that its maximal negative norm is −3 and it has all the required properties is equal to 7, this inequality cannot be satisfied for any possible D. Therefore, and, under these conditions, it is not a norm of some algebraic integer. Thus,
12 is the sometimes obtained bound in all the possible cases.
Example. Now we will show several examples related to the maximal negative norm equal to −3. As we have seen in the previous proof, 7 is an example of the case in which maximal negative norm is −3 and 3 |7. We proceed with D = 39 ≡ 3 (mod 4). It also has the maximal negative norm equal to −3 and, futhermore, we have a sometimes obtained bound equal to D 3 = 13. As the next step, we will focus on D ≡ 1 (mod 4). If we take D = 21, which satisfies the condition on the maximal negative norm, we can conclude that 12 |20 and the sometimes obtained bound is 
